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Mario Schröck Coulomb Gauge Quark Propagator from Lattice QCD



Dressing functions of the Coulomb gauge quark propagator Calculating the propagator on the lattice Gauge fixing Results

Outline

1 Dressing functions of the Coulomb gauge quark propagator

2 Calculating the propagator on the lattice

3 Gauge fixing

4 Results
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Continuum vs. lattice quark propagator

The free inverse continuum quark propagator, i.e. the Dirac
operator, reads(

S−1
0 (p)

)ab
αβ

= i(γµ)αβ pµ δ
ab + m δαβ δ

ab.

We use matrix/vector notation in Dirac space and omit color indices,
where appropriate.
On the lattice the Wilson Dirac operator reads

the last term, called Wilson term, accounts for the problem of
fermion doubling. We defined following lattice momenta

kµa := sin(pµa) and k̂µa := 2 sin(pµa/2) =
√

2 (1− cos(pµa)).
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Mario Schröck Coulomb Gauge Quark Propagator from Lattice QCD



Dressing functions of the Coulomb gauge quark propagator Calculating the propagator on the lattice Gauge fixing Results

Continuum vs. lattice quark propagator

The free inverse continuum quark propagator, i.e. the Dirac
operator, reads

Continuum

S−1
0 (p) = iγµpµ + m1

On the lattice the Wilson Dirac operator reads

S−1
0 (p) = ia−1

4∑
µ=1

γµ sin(pµa) + m1 + a−1
4∑

µ=1

(1− cos(pµa))1,

the last term, called Wilson term, accounts for the problem of
fermion doubling. We define following lattice momenta

kµa := sin(pµa) and k̂µa := 2 sin(pµa/2) =
√

2 (1− cos(pµa)).
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1

2
k̂2a
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Interacting propagator

We are interested in how the structure of the free propagator in
Coulomb gauge changes when the interactions with the gluon field
are turned on

Inverse free quark propagator

S−1
0 (p) = iγ4p4

At(p)

+ iγipi

As(p)

+ 1m

junk+iγ4p4γipiAd(p).

Therefore we investigate four dimensionless dressing functions, to
which we will refer to as temporal, spatial, massive and mixed
component [Popovici, Watson, Reinhardt, 2008].

At(p) =
−i

4Ncp2
4

tr
ˆ
γ4p4S

−1(p)
˜
,

Ad (p) =
−i

4Ncp2
4

P
i p

2
i

tr
ˆ
γ4p4γipiS

−1(p)
˜
,

As(p) =
−i

4Nc
P

i p
2
i

tr
ˆ
γipiS

−1(p)
˜
,

Bm(p) =
1

4Nc
tr
ˆ
S−1(p)

˜
.
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Mario Schröck Coulomb Gauge Quark Propagator from Lattice QCD



Dressing functions of the Coulomb gauge quark propagator Calculating the propagator on the lattice Gauge fixing Results

Interacting propagator

We are interested in how the structure of the free propagator in
Coulomb gauge changes when the interactions with the gluon field
are turned on

Inverse interacting quark propagator

S−1(p) = iγ4p4At(p) + iγipiAs(p) + 1Bm(p)+iγ4p4γipiAd(p).

Therefore we investigate four dimensionless dressing functions, to
which we will refer to as temporal, spatial, massive and mixed
component [Popovici, Watson, Reinhardt, 2008].

At(p) =
−i

4Ncp2
4

tr
ˆ
γ4p4S

−1(p)
˜
,

Ad (p) =
−i

4Ncp2
4

P
i p

2
i

tr
ˆ
γ4p4γipiS

−1(p)
˜
,

As(p) =
−i

4Nc
P

i p
2
i

tr
ˆ
γipiS

−1(p)
˜
,

Bm(p) =
1

4Nc
tr
ˆ
S−1(p)

˜
.
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Full quark propagator

S(p) =
−iγ4p4At(p)− iγipiAs(p)− iγ4p4γipiAd(p) + Bm(p)1

D2(p)
,

where we defined

D2(p) := p2
4A2

t (p) +
X

i

p2
i A

2
s (p) + p2

4

X
i

p2
i A

2
d (p) + B2

m(p).

From above expression we can calculate, similar to the covariant case [Skullerud, Williams,

1999]

At(p) :=
At(p)

D2(p)
=

i

4Ncp2
4

tr [γ4p4S(p)] ,

As(p) :=
As(p)

D2(p)
=

i

4Nc

∑
i p

2
i

tr [γipiS(p)] ,

Ad(p) :=
Ad(p)

D2(p)
=

i

4Ncp2
4

∑
i p

2
i

tr [γ4p4γipiS(p)] ,

Bm(p) :=
Bm(p)

D2(p)
=

1

4Nc
tr [S(p)] .
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The propagator on the lattice

On the lattice we calculate the bare propagator Sbare(a; p).

It is convenient to work with the dimensionless propagator

S(p) =
1

a
Sbare(a; p)

We expect the interacting lattice propagator to have a similar
form to its continuum counterpart

S−1(p) = iγ4k4aAt(p)+iγikiaAs(p)+Bm(p)1+iγ4k4γikia
2Ad(p).
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Mario Schröck Coulomb Gauge Quark Propagator from Lattice QCD



Dressing functions of the Coulomb gauge quark propagator Calculating the propagator on the lattice Gauge fixing Results

The propagator on the lattice

On the lattice we calculate the bare propagator Sbare(a; p).

It is convenient to work with the dimensionless propagator

S(p) =
1

a
Sbare(a; p)

We expect the interacting lattice propagator to have a similar
form to its continuum counterpart

S−1(p) = iγ4k4aAt(p)+iγikiaAs(p)+Bm(p)1+iγ4k4γikia
2Ad(p).
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Correlation functions of fermions on the lattice

The Euclidean lattice two-point function is given by

〈
ψa
α(n)ψ

b
β(m)

〉
=

∫
DU Dψ Dψ ψa

α(n)ψ
b
β(m) e−SF [ψ,ψ,U]−SG [U]∫

DU Dψ Dψ e−SF [ψ,ψ,U]−SG [U]

use Wick’s Theorem for Grassmann variables to yield

Lattice two-point function

in quenched approximation det D = 1

〈
ψa
α(n)ψ

b
β(m)

〉
=

∫
DU D−1(n,m)ab

αβ e−SG [U]

a4
∫
DU e−SG [U]

D−1(n,m)ab
αβ is the inverse lattice Dirac operator.
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Inverting the Dirac operator

Lattice two-point function in quenched approximation det D = 1〈
ψa
α(n)ψ

b
β(m)

〉
=

∫
DU D−1(n,m)ab

αβ e−SG [U]

a4
∫
DU e−SG [U]

In every step of the Monte-Carlo Markov chain we have to
invert the Dirac operator

Reducing the problem: invert D(n,m) for a given point-source
(n̂ ≡ 0, α̂, â), i.e. solve∑

m,β,b

D(n,m)ab
αβS(m, 0)bâ

βα̂ = δ(n)δaâδαα̂ ∀ α̂, â.

to obtain the coordinate-space quark propagator.
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Fourier Transformation

Fourier transform the Green’s function S(n, 0) to momentum-space

Momentum-space quark propagator

S(p) =
∑
x

e−ip·xS(x , 0) ,

where

x = na ,

pi =
2π

Nia

(
ni + 1− Ni

2

)
, ni = 0, . . . ,Ni ,

p4 =
2π

Nta

(
nt +

1

2
− Nt

2

)
, nt = 0, . . . ,Nt .
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How do the lattice dressing functions look like at tree-level?

S−1(p) = iγ4k4aAt(p)+ iγikiaAs(p)+Bm(p)1+ iγ4k4γikia
2Ad(p).
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Coulomb gauge on the lattice

The continuum Coulomb gauge condition ∂iAi (x, t) = 0 is
equivalent to maximizing

F̃g [A](t) =
3∑

i=1

∫
d3x tr

[
Ag

i (x, t)2
]
∀ t.

with respect to gauge transformations g(x) ∈ SU(Nc).

Lattice Coulomb gauge condition

Fg [U](t) =
3∑

i=1

∑
x

tr
[
Ug

i (x, t) + Ug
i (x, t)†

]
!→ max. ∀ t,
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equivalent to maximizing
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i=1

∫
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[
Ag

i (x, t)2
]
∀ t.

with respect to gauge transformations g(x) ∈ SU(Nc).

Lattice Coulomb gauge condition

Fg [U](t) =
3∑

i=1

∑
x

tr
[
Ug

i (x, t) + Ug
i (x, t)†

]
!→ max. ∀ t,

Ug
i (x, t) = g(x)Ui (x, t)g †(x + î) , g(x) ∈ SU(Nc).
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Coulomb gauge on the lattice

The continuum Coulomb gauge condition ∂iAi (x, t) = 0 is
equivalent to maximizing

F̃g [A](t) =
3∑

i=1

∫
d3x tr

[
Ag

i (x, t)2
]
∀ t.

with respect to gauge transformations g(x) ∈ SU(Nc).

Lattice Coulomb gauge condition

Fg [U](t) =
3∑

i=1

∑
x

tr
[
Ug

i (x, t) + Ug
i (x, t)†

]
!→ max. ∀ t,

Gribov copies

The maximum of Fg [U](t) is far from being unique!

Mario Schröck Coulomb Gauge Quark Propagator from Lattice QCD



Dressing functions of the Coulomb gauge quark propagator Calculating the propagator on the lattice Gauge fixing Results

Residual gauge fixing

After fixing the Coulomb gauge, a residual gauge freedom is left with
respect to space independent gauge transformations g(t) ∈ SU(Nc).

One
possible choice to fix the residual gauge freedom is

Integrated Polyakov gauge [Burgio, Quandt, Reinhardt, 2008]

u(t) ≡
∑

x

U4(x, t)
!→ const.

Another possibility: Set g(0) = 1, g(1) = u(0),

g(t + 1) = g(t)u(t) , ∀ 0 < t < T − 1.

In the limit of a single spatial lattice point this procedure would gauge

U4(x, t)→ 1 for all t except t = T − 1: temporal gauge.
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Future work

Determine dependence of dressing functions on momentum
components (different residual gauge fixing schemes might
help)

Extract static propagator and check its renormalizability

Relativistic dispersion relation

Unquenching

Chiral symmetric lattice action
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